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Stability analysis of the Goodwin-Griffith model on the regulation of tryptophan operon has been carried out in a straight
forward manner. Uncontrolled version of the set of equations is transformed, by invoking a linear perturbation scheme
about a fixed point, to a set of linear equations in terms of the state perturbation variables. A stability criterion is then
established for the solution of the system. Next a control term is added to the right hand side of the second equation of the
linearized set of equations and analysis is performed in the same manner to find ranges of values of the control parameter
which allows transformation of the system from an unstable state to a stable state. Stability criteria for both the uncon-
trolled and the controlled versions of the system are illustrated by the numerical examples.
1. Introduction
Jacob et al.[1] introduced the concept of operon in
explaining the regulatory mechanism of gene. An operon
is defined as a set of structural genes preceded by a small
DNA segment (the operator) where repression takes
place and mRNA polymerse binds to initiate
transcription [2]. The regulation process may involve
repression, transcription attenuation and feedback
enzyme inhibition. When an active repression molecule
e.g., protein encoded by mRNA or a metabolite formed
under the catalytic control of that protein binds the
operator, blocking it and preventing the binding of
mRNA polymerse, the operon is repressed. In recent
times much attention is paid to important operon systems
like, the tryptophan and lactose operons. Sinha and
Ramaswami [3] modelled the repressor-mediated
repression process in bacteria using a gene-enzyme
control unit. They showed successfully the bistability
i.e., the coexistence of the stable steady state and the
stable limit cycle of the system. We shall be concerned
here with the tryptophan operon which is a repressible
one. It is basically an amino acid and contains five genes.
It plays an important role in the regulatory process of
gene. When transcripted and translated, the constituent
genes of tryptophan give rise to the enzymes that E.
coli needs to synthesize tryptophan amino acid from
chorismate. In spite of much theoretical and
experimental development the regulatory mechanism of
tryptophan operon is not yet understood satisfactorily.
Goodwin [4] developed a mathematical model for
biochemical oscillator (e.g., operon) based on negative
feedback alone. Griffith [5] put this model in proper
perspective, as
M
T1
1
dt
dM
n α−+
= ... (1a)
EM
dt
dE β−= ... (1b)
TE
dt
dT γ−= ... (1c)
where α, β, γ > 0 are constants, M denotes the operon
related mRNA concentration, E the concentration of the
enzyme produced by the operon genes and T the
concentration of the end product of the reactions
catalyzed by enzyme E. n is the cooperativity of end
production repression [6].
In this paper stability analysis of the Goodwin-
Griffith system of dynamical equations (1a, 1b, 1c)
carried out in a straight forward manner, in terms of the
parameters α, β, γ, n  and an initial solution  T0 for T.
Subsequently, we attempt to make control analysis of
the system and find appropriate criteria for the effective
control of the system.
2. Stability Analysis
In this section, we discuss briefly, the stability aspects
of the system (1), following Griffith [5]. From the system
of equations (1), it follows easily
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and which implies that the dynamical system (1) is
dissipative. For critical (stationary or fixed) points
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TEM βγ=β= ... (3a)
and  ( )nT1T1 +=αβγ ... (3b)
If T0 be a root of equation (3b), then
( )
αβγ=+
1T1T n00 ... (3c)
and ( )000 T,T,T γβγ  is a critical point.
As T0 represents tryptophan concentration, it can
not be negative.
To make stability analysis of the system about the
critical or fixed point, we introduced small perturbations
as:
xTM 0 +βγ= ... (4a)
yTE 0 +γ= ... (4b)
zTT 0 += ... (4c)
where x, y and z are small quantities.
In view of (4a) and (4c), equation (1a) reduces to
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Equation (5) can further be simplified, with the
assumption
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By virtue of (3c), equation (6) reduces to
xznTx n αγβα −⋅⋅−= + 22210& ... (7)
Thus, in obtaining equation (7), two conditions e.g.,
0Tz <  and n
0Tn
1z
αβγ<  have been imposed. These
two conditions will hold simultaneously, if
⎭⎬
⎫
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αβγ< n00 nT
1,T.Minz ... (8)
In view of (4a) and (4b), equation (1b) reduces to
( ) ( ) yxyTxTy 00 β−=+γβ−+βγ=& ... (9)
Using (4b) and (4c) in equation (1c), we obtain easily
( ) ( ) zyzTyTz 00 γ−=+γ−+γ=& ... (10)
Equations (7), (9) and (10) form a linearized system e.g.,
zTnxx 1n0
222 +γβα−α−=& ... (11a)
yxy β−=& ... (11b)
zyz γ−=& ... (11c)
Let us assume a solution for the system of equations
(11a), (11b) and (11c) in the form:
ttt CezandBey,Aex μμμ === ... (12)
where A, B, C ≠ 0
Substituting (12) in equations (11a), (11b) and (11c) and
eliminating A, B, C, we obtain
or ( ) ( ) +++++++ μγαβγαβμγβαμ   23
( ) 0Tn1 1n0 =+ +αβγαβγ  ... (13)
Now, according to Lyapunov’s fundamental theory, the
system of equations (1) will be stable if the values of
μ , obtained from (13) have negative real parts. The
necessary and sufficient conditions for third order
polynomial, say 0aaaa 32
2
1
3
0 =+++ μμμ  to have
roots with negative real part are given by (Routh –
Hurwitz criteria)
0a,0a,0a,0a 3210 >>>>  and
.0aaaa 3021 >− ... (14)
Applying the criteria (14) with 1a 0 =  to equation (13),
we find easily that the dynamical system of equations
(1) will be stable at ( )000 T,T,T γβγ  if
( ) 0Tn1,0,0 1n0 >αβγ+αβγ>γα+βγ+αβ>γ+β+α +
and ( ) ( ) ( ) 0Tn1 1n0 >αβγ+αβγ−γα+βγ+αβγ+β+α +
... (15)
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Since γβα and,  are positive, it follows easily from
(15):
( ) 1n0Tn1111 +αβγ+>⎟⎟⎠
⎞⎜⎜⎝
⎛
γ
+β+αγ+β+α  ... (16)
If the condition given in (16) fails, the system of
equations will not be stable at the fixed point
( )000 T,T,T γβγ
 In view of the (16) one may write that the system (1)
will have a stable fixed point, if
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γ
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+ 111Tn10 1n0 ... (17)
3. Control of the linearised Goodwin-Griffith System
From the previous section, it is clear that in the case
when
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nTn ... (18)
The Goodwin-Griffith system will not be stable near
the stationary point ( )000 T,T,T γβγ .
In this case we consider equations (1a) - (1c) with a
control input added to the right side of the second
equation to give us Goodwin-Griffith system subject to
control:
M
Tdt
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n α−+
=
1
1
...  (19a)
uEM
dt
dE
+−= β ... (19b)
TE
dt
dT γ−= ...  (19c)
u represents the control term.
Linearizing the controlled system (19a) – (19c), using
perturbation variables defined by equations (4a) – (4c),
one obtains
zxx δ−α−=& ...  (20a)
uyxy +−= β& ... (20b)
zyz γ−=& ...  (20c)
Where 010
222 >= +nTn γβαδ .
Here the perturbation control u is the same as in
equation (20b), since the nominal control is taken to be
zero [7]. To maintain this system at the desired
equilibrium point ) , ,( 000 TTT γβγ  only partial state
feedback control u is required.
The system of equations (20) can be written as
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Now, the system is controllable if and only if
(Balachandran and Dauer, [8])
Rank ( ) 3BA,BA,B 2 =′′′′′
It can be shown that rank (B', A'B', A'2B') = 3,
provided δ ≠ 0.  The system is therefore controllable.
Following Vincent and Yu [9], the control term may
be put as u = -kx, where k is an appropriate gain.
Let us assume the solution of the system of
equations (20) in the form:
and, tl2
tl
1 eAyeAx
μμ
==
( )0AAAeAz 321tl3 ≠= ,,μ
and substituting them in (20), we obtain
zxx δ−α−=& ... (22a)
( ) yxk1y β−−=& ... (22b)
zyz γ−=& ... (22c)
The characteristic equation for the system of
equations (22) is obtained, as
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or, ( ) ( )  23 +++++++ lll μγαβγαβμγβαμ
( ){ } 01 =−+ kδαβγ ... (23)
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>−δ+αβγ−γα+βγ+αβγ+β+α
>−δ+αβγ>γα+βγ+αβ>γ+β+α
0k1and
0k1,0,0
Since the system is unstable when the condition
( ) ⎟⎟⎠
⎞⎜⎜⎝
⎛
γ
+β+αγ+β+α≥αβγ+
+ 111Tn1 1n0  holds,
we attempt to choose the value of the parameter k as
such all the roots of (23) must have negative real parts.
Applying Routh-Hurwitz criteria, equation (23) will
have all roots with negative real parts, if
... (24)
As 0,,, >δγβα  first and second of these inequalities
are true. The third inequality holds if 
αδγ + δ > δk
Or, ( )01k >+< δδ
αβγ ; ... (25)
The fourth inequality of (24) holds if
( ) ( ) ( )k1−δ>αβγ−γα+βγ+αβγ+β+α
or ( ) ⎥⎦
⎤⎢⎣
⎡
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γ
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αβγ
−> 11111k ... (26)
combining (25) and (26), we obtain the condition for
the Goodwin-Griffith system to be stable, as
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δ
αβγ
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4. Results and Discussions
The condition (18) e.g.,
( ) ⎟⎟⎠
⎞⎜⎜⎝
⎛
γ
+β+αγ+β+α<αβγ+<
+ 111Tn10 1n0
ensures the stability of the production of tryptophan
under the framework of Goodwin-Griffith system of
equations and therefore, it is to be examined here
first. Griffith [5] showed that the solution of the system
(1) remains stable for values of the coopertivity
parameter .8n ≤  The constant parameters α, β and γ
were chosen arbitrarily. Fall et al. [6] discussed the
most simple case in which α, β and γ are assumed
to be nearly equal. Griffith [5] proved analytically
that for n>8 the solution of the system (1) can
always be made unstable with proper choices
of γβα and, . In the present study, we find
positive real roots of equations (4c) i.e.,
( ) ( ),......3,2,1n1T1T n00 =
αβγ=+  for a particular
set .34.0and23.0,12.0 =γ=β=α  With these
numerical values of T0 and γβα and,  it can be tested
easily that (18) holds up to n = 9 and breaks down for n
> 9 (see Table 1):
Now, when the condition (17) is violated i.e.,
( ) ⎟⎟⎠
⎞⎜⎜⎝
⎛
γ
+β+αγ+β+α≥αβγ+
+ 111Tn1 1n0 ...  (28)
a control term is added to the right hand side of the
second equation [cf. (20b)] and one arrives easily, after
some algebraic calculation to an inequality
( )
δ
αβγ
+<<⎥⎦
⎤⎢⎣
⎡
⎟⎟⎠
⎞⎜⎜⎝
⎛
γ
+β+αγ+β+αδ
αβγ
− 1k1111
... (29)
which is the necessary condition for transforming the
system from unstable state to stable state. Thus, one
ought to find the range of k values, satisfying (24) for
the cases with appropriate choices of n.
Table 1.
Cooperativity Positive real n0Tn1 αβγ+ ( ) ⎟⎟⎠
⎞⎜⎜⎝
⎛
γ
+β+αγ+β+α
111
Parameter (n) root of (4c)
α = 0.12, β = 0.23 and γ = 0.34
8 81.67697 8.87411 10.7794
9 1.5926 9.8655 10.7794
10 1.52672 10.8567 10.7794
11 1.47389 11.8479 10.7794
α = β = γ = 0.33
7 1.56221 7.70474 9
8 1.48702 8.6788 9
 9 1.4298 9.65266 9
10 1.38388 10.6264 9
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Table 2.
Cooperativity Positive real δ ( )×++− γβαδ
αβγ [1 δ
αβγ
+1
Parameter (n) root of (3c) 1
111
−⎟⎟⎠
⎞
⎜⎜⎝
⎛
++
γβα
α = 0.12, β = 0.23 and γ = 0.34
10 1.52672 .09249 .00784449 1.08443
11 1.47389 .101796 .0984939 1.09218
15 1.33777 .138993 .339751 1.06751
α = 0.1, β = 0.1 and γ = 0.1
9 1.99486 .00898205 .109334 1.11133
10 1.8735 .00998127 .198498 1.10019
16 1.50118 .015976 .499248 1.06259
involved be based on data from laboratory measurements
under appropriate conditions.
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From the above exercise of stability analysis for the
Goodwin-Griffith system of dynamical equations
depicting the regulation of the tryptophan operon, the
following conclusions may be drawn:
i) When the rate constants for degradation of each
components e.g., α, β and γ  are equal, the physically
plausible solution Goodwin-Griffith system remains
stable for values of the cooperativity of end product
r e p r e s s i o n  n  < 8  For n > 8, the solution of the system
becomes unstable.
ii) For unequal values of  α, β, γ  the physical solution
of the Goodwin-Griffith system can explicitly be
shown to remain stable for values of n < 9  For n >9,
the solution of the system becomes unstable.
iii) It is shown that the Goodwin-Griffith system may
be controlled with the addition of a control (or
forcing) term on the right hand side of the second
equation in a prescribed fashion. Various ranges of
values for the control parameter k are determined
which allow transformation of the unstable state
(depending on values of n) of the system to stable
state.
Finally, the authors feel that further improvements
of the base level models, like the one considered here
for the regulation of tryptophan operon, might be
possible if quantitative estimates of the parameters
